The beta function of the g-2 ring.

In this note vertical and horizontal beta functions for g-2 ring are calculated with the techniques of Courant and Snyder, Ann. Phys. 3, 1 (1958).
These techniques are also carefully discussed in the text by Edwards and Syphers, Introduction to the Physics of High Energy Accelerators. The
results of this note are compared to the results of g-2 note #77 and to the program IDA by Dr. Mark Barton of BNL. The calculation uses an
average n value (0134) which gives a CBO frequency of 465.5 kHz. The alpha, beta and psi functions are evaluated in approximately equal step
sizes through out the ring. The calculation is done with the program MathCad, and this note is a reformated version of the MathCad document.
Note that in MathCad “:=" denotes a variable or function assignment, and “=" denotes evaluation of an expression.

~

Define some physical constants. c¢:= 2.9979245&0E a:=1.165920310 ©
First define the ring geometry as shown in the figure below. The ring has four-fold symmetry. The ring is 7.112 m in radius. The quads are 39

degrees in azimuth. Find the arc lengths through the quad and the open (non-quad) sections. All values below are in meters. Note that sopen is
one-half of the distance between the quads due to the definition of the period used below.

//

N

2 sopen =51 - 30
\ 3 squad =53 - 51

sopen =34 - g3

e st P SR

39 1 [PrR
R:=7.11: arcquad := 3¢ squad ;= ZDJ‘[[REISEJ squad = 4.8409848 sopen = E%ZT - sgquad [D sopen = 3.1652593 smag := sopen
2 ad
acdsopen + squad) _ ) 6o00000
Check 2R
Average n value is 0.134. Find n value of focusing electrodes. naverage := 0.13403; n:= naverage[—lﬂ n = 0.3093046

4larcquad



In linear approximation the equations for horizontal and vertical motions (the Kerst-Serber equations) are of the form y(s)" + K(s) y(s) = 0, where s
is the arc length and differentiation is with respect to s. Moreover, for a ring K(s+C)=K(s), where C is the circumference of the ring. The functions
y and y' represent either the horizontal (often denoted by x and x') or the vertical (often denoted by z and z') position and slope of a particle. K is
related to the field strength and is constant within each section of the g-2 ring. We find the phase angle solution, y(s), below. First we find a
piecewise solution to the motion of a particle.

Each section of the lattice is represented by a 2 by 2 transport matrix

Ey E_BTll T12 Jy E
fy0” Eg%& 0
[Usy G EI'21 T DEUSy 0
which takes the particle from position 1 to position 2. The matrix elements are simple functions of the arc length and the field strength.
These functions are well known from charged particle optics. Matrix elements T11 and T22 are dimensionless, matrix element T12 has
dimensions of length, and matrix element T21 has dimensions of inverse length. The matrix has unit determinant. For our application we need
four matrices: O (M) for the vertical (horizontal) motion between the quads where the field strength is 0 (Kmag), and Fv (Fh) for the vertical
(horizontal) motion in the quads where the field strength is Kv (Kh). Since the ring has four fold symmetry, the period of the lattice is one quarter
of the circumference of the ring. Within a period the lattice in the vertical is OFvO and the lattice in the horizontal is MFhM. Matrix elements for
each section are calculated below.

Define field strengths and phase advances within a section. Note that = = 0.0061151

=2
Ky = - Kv = 0.0061151 @ :=/Kvisquad @ = 0.3785604
=2
Kh:= 1" Kh = 0.0136554 ¢ :=Khisquad (h = 0.5656988
RZ
Kmag:= iz Kmag = 0.0197704 gnag:=yKmagsmag  gnag = 0.4450590
R

Define matrices O, Fv, Fh, and M using results from first-order charged particle optics and verify that the matrices have unit determinant.

0 [T sopen [J o= [11.0000000 3.1652593 | 10] = 1.0000000
M 1 [ [0.0000000 1.0000000 ]
E cos(@) sin(e) ¢ Ho.9291977 4.7261852;:{

Fv:= o VKv Fv = |Fv| = 1.0000000

" [}0.0289011 0.9291977]

[H/KvEin(e) cos(ev) €



E cos(¢h) snlgy) ¢ rJ0.8442142 45868368]
=g VK P -0.0626356 0.84421421 ] IFn] = 2.0000000
CH/Khsin(gh) cos(¢) ' '
O sin(gmag) O
O ocos(gnag) —/——* []0.9025853 3.0617949]
= N - M| = 1.0000000
M=5 Kmeg [1-0.0605331 0.9025853 ] M|

[H/Kmagtin(gmag) cos(qmag)

Define matrices for vertical and horizontal periods, Pv and Ph, and the vertical and horizontal lattice, Lv and Lh, and verify unit determinant.

_ HO.8377183 10.3189325H

|Pv| =1.0000000
[1-0.0289011 0.8377183[]

Pv := OFvIC
0.1075756 7.815595
h = H %:l

|Ph| = 1.0000000
[10.1264686 0.1075756]

Ph := M [FhIM
0.6743045 13.9535167
Lv= H— H

|Lv| =1.0000000
[1-0.0390807 —0.6743045]

Lv := Pv[PvPvPV
.9084913 -3.285231
th=l SH

|Lh| = 1.0000000
[D.0531602 0.9084913 []

Lh := PhIPhPhPh

Next we find closed form solution to the equations of motion. Courant and Snyder show that the solution to the differential equation with the
periodicity condition is of the form y(s) = \/A[(s) mos(tp(s) + 6). A and & are constants determined by the initial position and slope of the particle.
The amplitude function, B(s), gives the beam envelope. Note that \/A[[B(s) has units of length. Courant and Snyder show that 3 must satisfy the
differential equation,

2 3
ZE[BE-Id—zﬁ - &B ﬁ + 4[9([[32: 4 alternatively, d—SB + 4[13(@_3 + Zﬁi—KE[B =
ds [(bs [ ds ds ds

which has simple closed form solutions when K is a constant. Note that K has units of 1 / length squared. They also define auxiliary functions

2
1+a

&Lv,h 1
»and p=y(Lv,h) - (0) = E ds

I

which can be obtained from (3. Note that a and ¢ are dimensionless. pis the phase advance in one turn.

_ 1 L, _
a(s) = > @%SB[, y=



The relations, :I—Sa = KB -vy, j—y = 2K and d—qJ = 1 are also useful.
s

ds

Closed form expressions for a, (3, y, and Y as a function of s are given for each section of the ring below. The initial values for a, (3, y (integration
constants) are found from matrix elements of Lv and Lh using Courant and Snyder equation 2.20

P posh)rasnb) ) o

[k d0 O -ysin(w)  cos(u) - asin(u) €

which enforces the fact that the solution must be periodic. Note a, 3, and y are used both to denote an integration constant and a function of arc
length, s. p (proportional to the tune) is a number.

Define parameters of the matrix and find p for vertical and horizontal. p/ 21 = vis the tune.

av =Lv bv :=Lv cv . =Lv dv :=Lv ah = Lh0 C bh :=Lh ch:=Lh dh:=Lh

0,C 0,1 1,C 1,1 0,1 1.C 1,1
W = acosga%dvg W = 2.3108188 pih = acosyg uh = 0.4311367 phprime:= 27t — ph uhprime= 5.8520486

Note that p is only determined modulo 21t by this method. Also we must choose correct quadrant for inverse cosine function. The value phprime
agrees with direct integration of ) below.

Compare exact tune with simple formulas for weak focusing synchrotron.

B \ naverage

vertical tune is £ = 03677782 naverage = 0.3661038 21 = 0.0045528

20 Y

200t
hprime
hpri up——\ll—natverage
horizontal tune is 222 - § 9313825 /T - naverage = 0.9305740 2 = 0.0008680
il phprime
200
The simple formulas are clearly very good.
Find integration constants (initial values) a, 3, and y
av —dv ah — dh

aphav = alphav = 0.0000000 aphah := alphah = 0.0000000

2&in(pv) 2in(ph)



bv bh
betav = — betav = 18.8955947 betah := |— betah = 7.8612153
sin(uv) sin(yh)
1+ alphav® 1+ alphah®
gammav ;= -t apnay gammav = 0.0529224 gammah ;= —* dpnen gammah = 0.1272068
betav betah

Check unit determinant condition. gammavibetav — alphav2 = 1.0000000 gammahbetah — alphah2 = 1.0000000

Note that alpha is zero at the beginning of the open section for the vertical motion, and at the beginning of the magnet section for the horizontal

motion. Since a is proportional to the derivative of 3, the 3 function is at a maximum or at a minimum at these positions. a, 3, and y collectively
are called the CLS parameters (L for Livingstone). The values found above are the integration constants used in calculation of the a, 3, y, and
functions.

Recall that the vertical lattice is OFvO and the horizontal lattice is MFhM. We will transport the particle first through the vertical O and horizontal M
sections, then the vertical Fv and horizontal Fh sections, and finally through the last vertical O and horizontal M sections to obtain the transport
through the entire period.

First transport the particle through the open section (vertical motion, non-quad region). Define the CLS functions for an open section. In the
expressions below ai and Bi are the initial values at the beginning of the element, and s is the path length through the element. Itis
straightforward to show that these functions satisfy the equations given above for 3, a, y, and . Recall K =0 here.

apply condition K = 0 to equation for beta B"+4KB +2K B=00 B+ 4KBE= @ B O
solve for beta and evaluate initial beta B=a+bs+cs’ 0 B & =a f

solve for alpha and evaluate initial alpha a= —1 B'0 - lb c8l = %b: -5 ol
solve for gamma and evaluate initial gamma ? ? ? 1+ai2

y=KpB-dOg- &k €&l =yl= & y

B

2

Then - B=8 —20i5+1+ai 2
i
— 1+ai2
alpha | @ =0; ~ B S
_1+af
gamma | Y = Bi
Y, =0

initial psi




The functions then for an open section are

D1+ miZD 2
Bopen(ai, Bi,s) := Bi — 2mis + ——— [1s°
g g 0
U 2]
aopen(ai, Bi, s) = ai - ot o g
g B O
2
yopen(ai,Bi,s) = 1+_O“
Bi
S
1
LlJopen(ai,Bi,s) = & do
= D1+ O(iZD 2
0 i - 2mie + 0——— Oo
O B 0O
0

Evaluate the CLS parameters at the end of the open O section, using the above functions and CLS parameters, av0, BvO, w0 and vO0 as initial
values. Values at the end of the open section are avl, Bvl, wl and Yv1. These values then are the initial values for the next section.

avg:=aphav  avg = 0.0000000 Bvg:=betav  Pvg = 18.8955947 Yvg:=C v = 0.0000000

avy := aopen(avo, Bvo,sopen) vy = -0.1675131 P := Bopen(avo, Bvg,sopen) By = 19.4258170 vy := Yopen (avo, B, sopen ) Y1 = 0.1659721

Next transport the particle through the magnet section M (horizontal motion, non-quad). Define the CLS functions for the magnet section. (With
appropriate choice of the bend parameter, k, these functions can also be used for the Fv section, describing vertical motion in the quads, and the
Fh section, describing horizontal motion in the quads where there is also a dipole component.) It is straightforward to show that these functions

satisfy the equations given above for (3, a, y, and Y. Recall k > 0 here. If Kk <0 (not in a weak focusing ring), we would has cosh and sinh
functions.



apply condition K = constant to equation for

beta

solve for beta and evaluate initial beta

solve for alpha and evaluate initial alpha

solve for alphaprime

solve for gamma and evaluate initial gamma

B"+4KB +2K =00 B+ 4KBE O
B =a+bcosv4Ks+csinV4KsO B~ & Wbl +ta=b g

—%,B'Da: bJVK sinv4Ks cJK cosv4Ks

Oo- C

Oy K(a bj -a=b Y

Kl =e

of

K

a' = 2bK cosv4K s+ 2cK cosv4K's
y=KpB-od 0O g K(a bcosv4K s csinx/4Ks) (Zchos\/4Ks 2cK sin 4Ks)

K
+
Then lﬁ, 11 O!
solve for a 2 2 KB
_1, 1l
solve for b 27 2 Kﬁi
=9
soveforc | K
M 11+0°0 01 0 11+a0 a, .
B =0 B +=——041= B ~—=——f]cosv4Ks —sinV/4Ks
beta @ 2KB gp2 ' 2KBQ JK
[l +
alpha | @ =B -1 a; VK sin 4K s +a, cosv/4K's
2 2 KB
gamma y=KB-d
@ =0
initial psi
The functions then for a section with strength k are
[l 20 .0 2] .
Boend (ai, Bi. K, 8) = ~ipi + % O Leipi - 1E Y Faos(amre) - X @in(yaxe)
2] @i O 20  «Bi O VK




2]
1+a @/?Bin( A% 13) + aicos(yax )

1 [l
abend(ai, Bi,k,s) ;:EiDBi—

KBi [
S
lijend(ai,Bi,K,s)::é - e 12D do
n Eiﬁn 1+qi D+Eii3i—l+a_i Clgos(. 4&@)—iiﬁin( 4&@)5
Pl B 020 «Bi O VK 0
0

Evaluate the CLS parameters at the end of the magnet section using the above functions and CLS parameters, ah0, fh0, yh0 and Qh0 as initial
values. Values at the end of the magnet section are ahl, Bh1, yhl and yhl. These values are the initial values for the next section.

ahg:=aphah  ahg = 0.0000000 Bhg:=betsh  PBhg = 7.8612153 Who:=C Whg = 0.0000000
ahy := abend (ahg, Bho, Kmag, smag) ahy = 0.0779674
Bhy := Bbend (athg, Bho, Kmag, smag) Bhy = 7.5967305
Why := ybend (ahg, Bho, Kmag, smag) yhy = 0.4073778

Next evaluate the CLS parameters in the middle of the quad section for diagnostic purposes. Note that 1 and (h; are added to the integrals to
obtain the integral phase shift.

Vertical motion

Bvcenterofquad := Bbend EE‘VLBVL Kv, sql;ad E Bvcenterofquad = 19.8361938 Bvo := Bvcenterofquad

ad
avcenterofquad := abendEixvl,Bvl,Kv,sql; 0 avcenterofquad = 0.0000000 avs ;= aveenterofquad

Wvcenterofquad := Whend Elvl, Bv1,Kv, squad E+ Pv1 Yvcenterofquad = 0.2888523 Yvo = Pveenterof quad

2

Horizontal motion.

Bheenterofquad := Rbend %hl, Bhy, Kh,% E Bhoenterofquad = 7.4028119  Bhy = Bhcenterofquad
ahcenterofquad := abend Elxhl, Bhy, Kh,% u ahcenterofquad = 0.0000000 aho := ahcenterofquad
squad

wheenterofquad = q;bendEhhl,Bhl,Kh, °

E+ ghy  Whcenterofquad = 07315061  Why := Yheenterofquad



Note that the beta functions are at a maximum (vertical) and a minimum (horizontal) in the center of the quad and that alpha is zero. The
amplitude is a maximum in the center of the quad in the vertical and a minimum in the center of the quad in the horizontal. The calculation will
show that the variation in the amplitude function is not large.

Next evaluate the CSL parameters at the end of the quad sections. Subscript 1 denotes the value at the beginning of the quad section, and
subscript 3 denotes the value at the end of the quad section. See figure above.

By := Bbend(avy, vy, Kv, squad ) Bv3 = 19.4258170
av3 := abend(avq, Bvy, Kv, squad ) avg = 0.1675131
v = ybend(avy, Bvy, Kv, squad ) + Yvy yvg = 0.4117326
Bhg := Bbend (athy, Bhy, Kh, squad ) Bhs = 7.5967305
ahg := abend (ahq, Bhy, Kh, squad ) ahg = —0.0779674

Whg := ybend(ahy, Bhy, Kh,squad ) + yhy yhg = 1.0556343

Finally evaluate CLS parameters at the end of the second open section (vertical motion) and second magnet section (horizontal motion).
Subscript 3 denotes the value at the beginning of the section, and subscript 4 denotes the value at the end of the section.

Bv4 = Bopen (O(V3, Bvs, sopen) Bv4 = 18.8955947

av, := copen(ava, Bva, sopen ) av,4 = 0.0000000

Yvy = l]JOpen(C(V3, BV3,sopen) + vz vy = 0.5777047

Bhy := Bbend ahg, Bh3, Kmag, smag) Bhy = 7.8612153

ahy := abend (ahg, Bhg, Kmag, smag) ahy = 0.0000000

Why := ybend(ahg, Bh3, Kmag, smag) + yhs why = 1.4630121

Tabulate in a vector the values of a, (3, ¢ and verify that that they behave correctly at the end points of sections.

initial_value ] H0.0000000 B §8.895594@ g.OOOOOO(E

Dentrance_to_quad 0 D—0.1675131D 9.425817 .165972]D
vertical: []center of quad []  av = []0.0000000 [] Bv = [119.8361939 ] Qv = [D.2888523]
U exit of quad U Uo.1675131 0 [ho 4258170 [h.4117324
M M M M M M M
[] find_vaue [ [70.0000000 [] [718.8955947 ] [D.5777047]
initial_value  [] Ho.ooooooo H 53.86121535 .000000
Dentrance_to_quad 0 D0.0779674 0 0 .5967305D 407377
horizontal: []center of quad []  ah = []0.0000000 [] Bh = [77.4028119] wh = [D.7315061]
U exit of quad U [Lo.07796742 (7 5967305 [h 0556343
M M M M M M M
[0 find_vaue [ [70.0000000 [] [7.8612153] [TL.4630121]



Note that the slope, a, is zero initially, in the center of the quad and at the end of the section. Also a has equal magnitudes and opposite signs at
the beginning and end of the quad section. Note that the beam envelope, 3, is largest (or smallest) in the center of the quad. Now it is possible to
calculate the beta function at every point in the first quarter of the ring. Calculate the  function in the three sections using 100 points per section.

i:=0,1..10( S. = L@open one step equals —1@open = 0.0316526 meters
I 100 100
betavi = Bopen(qu,Bvo,si) betahi := Bbend (qho, Bho, Kmag,si)
alphavi = qopen(qu,Bvo,si) alphahi = qbend(th,Bho, Kmag,si)
psivi = qupen(qvo, Bvo,si) psihi := Yhbend (qho, Bho, Kmag,si)
. i —100 1
i :=100, 101.. 25( S = 150 [Squad + sopen one step equals H) [Squad = 0.0322732 meters
betavi := Bbend (GV]_, Bv1, Kv,s; = sopen) betahi := Bbend (Gh]_, Bh1, Kh,si - sopen)
aphav, := dbend(dvl, Bvy, Kv,s, = sopen) alphah, := dbend(dhl, Bhy, Kh,s, = sopen)

psivi = llJbend(qvl,Bvl,Kv,si - sopen) + Yvq psihi = llJbend(th,Bhl,Kh,si - sopen) + Yhq

i := 250,251.. 35( 5. = | _102050&)pen + sopen + squad

betavi = Bopen(qV3,BV3,si - sopen - squad) betahi :=Bbend (qh3, Bhs, Kmag,si - sopen - squad)
alphavi = (XOpGﬂ((XVg,BV3,Si — sopen - squad) alphahi = qbend(qhg,Bhg,, Kmag,si — sopen - squad)
psivi = qupen(qv:g,Bv&si - sopen - squad) + V3 psihi = l|Jbend(qh3,[3h3,Kmag|,si - sopen - squad) + YPhs

Plot the beta functions for one period. Note the offsets in the vertical scales.

Vertical Beta Function Horizontal Beta Function
20 | | 8 | |
5 5
2 °
T 19 = — T 75— |
o 3
o @
18 | | 7 | |
0 0.1 0.2 0 0.1 0.2

Fraction of Circumference Fraction of Circumference



Note that the variation in the beta functions is small. Also plot alpha functions.

Vertical Alpha Function

0.2

AlphaFunction
o

| |
0 0.1 0.2
Fraction of Circumference

-0.2

Note that the alpha functions are small. Also plot psi functions.

Vertical PsiFunction
1 I I

Psi Function
o
(63}
I

| |
0 0.1 0.2
Fraction of Circumference

0

Note that the psi functions are smooth.

AlphaFuction

Psi Fuction

Horizontal Alpha Function

0.1 T T
0 _
_ | |
0.1
0 0.1 0.2
Fraction of Circumference
Horizontal Psi Function
2 T T
1 _
0 | |
0 0.1 0.2

Fraction of Circumference

Just for completeness plot the beta and psi functions for the entire ring. These are useful when calculating trajectories of particles.
i :=351,352.. 70( S =S_a50* 2[3open + squad
betahi = betahi_35C

alphahi = alphahi_35c

3
betav . PSIV, i= PSIV; oo+ PSIV o, p:;lhi = p5|hi_350 + pS|h35c

i—35C
alphavi = alphavi_35c

betavi =

i :=701,702..105( S; 1= S;_ygo *+ 4S0pen + 2[squad
betah, = betah, ..

alphah, = alphah. __ -

betavi = betavi_7OC PSIV, :=pSIV;_qq + PSIV p:;lhi = p5|hi_700 + pS|h70c

alphavi = alphavi_70c



i :=1051,1052.139¢ si = Si—1050 + 6l3open + 3lsquad
betav; =betav, ;.- betah; :=betah, oo PSIViIEPSVi_ 00 * SV g PSInEpSin o0 * sy e
alphavi = alphatvi_105c alphahi = alphahi_105c
betav 1400 = betav C betah 1400 = betah C PSIV 4 400 = KV psih 1400 = phprime S1400 = 8Sopen + 43quad
alph¢';1v1400::alphavc alphah1400::alphahc
Note offsets in the vertical scale.
Beta Functions (note offsets)
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Lv,h
Calculate the tune using p = Y(Lv,h) — ¢(0) = & 1 ds Since beta function is so smooth just do simple sum.
B

0
vertical tune
sopen ﬁ 1 [ squad ﬁ 1 1 D
vvopen := z vvquad = Z + =3
10020 [ 12 betav betav 2 betav 100 15020 [ 2 betav , betav,, 109 2 betav g,
0 [ 0 i+
wv := 4if2mvopen + vvquad) w = 0.3677782
: . v . PV 400
We also found the tune from CS matrix trace, equation 2.20. — = 0.3677782and we found the tune from calculating psi ———— = 0.3677782
201 201
Integration of beta functions gives the same result as CLS matrix trace.
. 1 . 1 1
Vertical betatron wavelength then is — =2.7190299 times 2miR, or 2nRE— = 121.5026067m Av := 2rmiRE— Av = 121.5026067
Y Y% Y
horizontal tune
L 149 0
1 ad l 1
vhopen := 0PN z vhquad := u Z =3
10020 I‘I2 betah betah, 2 betah 150200 I‘I2 betah betah. 2 betah
0 |: 0 i+100 250
vh := 4f2@hopen + vhquad) vh = 0.9313824
phprime psih 1400

We also found the tune from CS matrix trace, equation 2.20 = 0.9313825and we found the tune from calculating psi ———— = 0.9313825
200

Integration of beta functions gives the same result as CLS matrix trace.

. .1 : 1 1
Horizontal betatron wavelength then is _h =1.0736728 times 2miR, or 2T[EREI—h =47.9781576m Ah = 2T|£IREI—h Ah = 47.9781576
Y Y v

Compare again calculated tune to tune with complete quad coverage.

vertical tune is \/naverage = 0.3661038 and vertical betatron wavelength is . 2.7314657 times anREI; =122.0583142m
naverage naverage
horizontal tune is \[1 - naverage = 0.9305740 horizontal betatron wavelength is 1 - 1.0746055 times ZnEREI; = 48.0198384 m

1 - naverage 1 - naverage



The calculation using naverage is excellent W —ynaverage | 0.0045528 vh -1 —hnaverage = 0.0008680
vV v

Calculate cyclotron frequency. We need velocity.

2

1 ic -1
Use muon anomaly to calculate magic gamma. Ymagic:= |1+ E Ymagic= 29.3034394 B yqgic:= Ymagic ~ 2 Bmagic= 0.9994175
a 2
Ymagic
. a cBmagic _ 6 Lo 1 _ -7
Cyclotron frequency: fcyclotron := , or feyclotron = 6.7049579< 10 Hz. Period is Tcyclotron := tvdoton " or Tcyclotron = 1.4914337% 10 S
cyclotron

Calculate betatron frequency

. CBmagic 6 . o1 -7
Vertical betatron frequency: = 2.4659376x 10" Hz vertical betatron period is =4.0552527« 10 = s

H‘_ﬂBmagch
0 A

. CBmagic 6 . — 1 -7 )

horizontal betatron frequency: = 6.2448801x 10" Hz horizontal betatron period is ———— =1.6013118< 10 = s. Define
h HE[BmagicH
O A 0O
CBmagi CBmaai
fubeta = — 0 fhbeta := —— 20"
AV
Compare frequencies to frequencies with complete quad coverage.
CBmagi _
Vertical betatron frequency then is fv := mag'C;Vnaverage , or fv = 2.4547106x 106 Hz vertical betatron period is fi =4.073799% 10 ! S
%

fvbeta — IV _ 4552809

fvbeta

. . CBmagic 6 . o1 -7
Horizontal betatron frequency then is fh:= 2— 5V1 — naverage , or fh =6.2394596x 10" Hz horizontal betatron period is T =1.602702%< 10 s

R

fhbeta - th _  oge7o0me

fhbeta

CBmaai

CBO frequency related to n value fhCBO:= maglcl:ﬁl -J1- naverage) 1- H - HlGS 5103Elﬂ Hﬁ 0.1340325

fhCBO = 4.6549830x 10°



The simple calculation of frequencies is clearly very good; frequency from exact tune differs by one or five parts in 1,000

Write out array with s, alphah, betah, psih, alphav, betav, psiv in order of IDA program (see below).
m:=0, 1.. 140(

output m, 0 = s, output m, 1 = alphahwoutput m, 2 = betahrroutput m. 3 = psihwoutput m, 4 = alphavwoutput m.5 = betav - output m, 6 = psivrY

PRNCOLWIDTH:=1€  PRNPRECISION= 1(
WRITEPRI\("D:\AcceIerator _physics\G-2_ring\results.txt" ) = outputl

Recall general form of solution and slope. We have an array with 1400 values of s, alpha, beta and psi. Normalization A and phase delta are
given by initial conditions for particle.

y(s) = AB(s) Bos(i(s) +9)

y(s)=- WAS)(G(S) [Gos(y () +0) +sin(y(s) +3))

Plot horizontal and vertical motion for two choices of amplitude and phase corresponding to zero slope (cosine like) and zero displacement (sine
like) at s = 0. Also calculate and plot horizontal and vertical slope. Note that slope obtained from differentiation of position.

Z Z
cosine like trajectory Ahnormc := %ﬁ % Avnormc := %ﬁ % ohe :=C ovc:=C
D\m 0 Bvo[]
sine like trajectory Ahnorms := P]ﬂ g Avnorms := P]ﬂ g &hs = - o/s = -
oy/Bho Bvo ] 2 2

XC = /Ahnormc[betah mmos(psihm + Ehc) ¢ = /Avnormc[ﬁ)etav mmos(psivm + a/c)
XS = /Ahnorms[betahmﬁtos(psihm + &15) zs = /Avnorms[betav mEtos(psivm + 6\/5)

Xep, = —1D’%:|:r::[€al phahmEtos(psihm + éhc) + sin(psihm + &lc)) X = —1D’%:|:n:[€al phahmEtos(psihm + éhs) + sin(psihm + &ls))

zep, = =10 %:\:r::téalphavmmos(psivm + a/c) + sin(psivm + 6/0)) %, = =10 %:\z:stéalphavmmos(psivm + a/s) + sin(psivm + 6/5))



vertical and horizontal trajectories
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Solid lines are cosine-like trajectories. Dashed lines are sine-like trajectories.

We can also specify initial position and slope and calculate amplitude A and phase delta.
¥(s) = /AB(S) Ros(y(s) + )

y(s)=- WAS) [ (s) Bos(y(s) +3) +sin(y(s) +3))

Yo =+/AB, [Gos(is, +9)

Y, = —JBZ: ar, cosy, +3) +sin(y, +3))

_ J1+a’
° B,
5=tan (8,22 +a,) -y,
Y

0o

A Yy By +20,Y,Y,s

vertical and horizontal slopes
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1+ (alphaho)

Amph(x,xp) := X 3————— + betah Dtp + 2[@phah D{I}r deltah(x,xp) = atanl:iaetah d@ + alphah ﬂ— psih
bet ahO 0 0 x OD C

1+ (alphavo)
Ampv(z,zp) :=Z Elb— + betav Bp + 2@ phav Bﬁp deltav(z, zp) —atanﬂ)etav £ +— + alphav ﬂ— pSlV
z
0

Note that these expressions could simplify considerably since at the initial position, 0, alpha and psi are 0.
Verify that these functions reproduce amplitudes and phases found above. Initial position and slopes are

XGy = 4.5000000 xep, = 0.0000000 Xy = 0.0000000 XP, = 0.5724306 ¢y = 4.5000000 2cp, = 0.0000000 28, = 0.0000000 Zp = 0.2381507

Then amplitudes and phases are

Amph(x xcpo) = 25759376  Ahnorme = 2.5759376
=0.0000000  3hc = 0.0000000
=1.0716784 Avnormc = 1.0716784

=0.0000000  dvc = 0.0000000

deltah(xc 1 XCP,

Ampv|zc /200,

(s
(%%
deltav (zc0 zcp
(
(
(

0]
Amph XSy XS, | = 2.5759376 Ahnorms = 2.5759376
deltah XS XSPp) = 1.5707963 ohs = -1.5707963
Ampv 284,20 = 1.0716784 Avnorms = 1.0716784

— S— N —” N N \_/v

deftav (zso, zsp,) = 15707963 &us = ~15707963

Thus the functions are correct.



*% *kkkkkkkkkhhhhhk *% *kkkkkkkkkk *kkkkk *%

Program IDA, written by Mark Barton of BNL, will calculate a lattice. Next figure is input file for IDA describing g-2 ring.
I‘-.-15 IDA !E
ez i F=P N

E{dit,.Fl{it,.Glet, SCave Wirite, TC(ype M{(ult . Clycle. I {ntegrals . P{lot.Q<uit
g—2 ring of BHL E821
Parameters for g—2 ring din pathway g—2
Humber of elements = 7 linelength = 44 686
Mame Length Rho Ent. angle Exit angle

4_8449 -A.886115 Z2.1128 A.H88688 A.B88688
3.1653 A .808088 7.11208 B .B8684 B .086880
3.1653 A.8BAnA Z2.1128 A.H88688 A.B88688
4.8489 -8.886115 7.11208 B .B8684 B .086880
3.1653 A.8880A Z2.1128 A.88688 A.B88688

This input describes two periods of the ring. MAGL is the non-quad section. MAG2 is the quad section. REFL repeats the elements and thus

specifying the entire ring. MAG1 only has bending. MAG2 also has a gradient equal to n/R2. Units are meters. Next figure is output file from
IDA.



Lattice functions for line—g—-2 ring H 2-,.15-,2002

Element Alpha<h> Betat<h?» Psich>» Alphatev? Betatul Pzidul Hp Hpdot
MAaG1 -A.an8aa 7.8612 BA_.A60QA A.A0BA 18_8959 @.0804 8.2982 A.88aa
MAG2 a.a7sa8 75967 8487 -B8.1675 19.4261 B.166 8.1827 -B.8718
MAG1 -A.a78a 75967 1.65%6 B.1675% 19.4261 B.412 8.1827 A.a718
MAG1L A.8aAA 7.8612 1.463 -A.ABAA 18.8959 @.578 8.2982 —-A.800A
MAG2 a.a7sa 75967 1,878 -A.16V5 19.4261 @A.744 8.1827 -A.A718
MAGL -A.8788 75967 2.519 A.1675 19.4261 B6.989 8.1827 A.a718
REFL —A. 80848 7.8612 2.926 -A.AB@A 18_8B?5%? 1.155 8.2982 -0.0008

—-A.an8aa 7.8612 5._852 A.A0AA 18.8959 2_.311 8.2982 A.88aa

Line length = 44 6862 Bending angle = b.2832
Horizontal phase = L.8521 Uertical phase = 2.31688
Type any character to return_

The values of alpha, beta and psi shown by IDA are the values at the beginning of the section. Thus the line for the first MAGL1 gives the values at
position O (initial); the line for the first MAG2 gives the values at position 1 (entrance to the quad). The line for the second MAGL1 gives the values
at position 3 (end of the quad), etc. My Mathcad calculation agrees with IDA output. Recall from above. In the IDA output Xp and Xpdot are the
dispersion functions which are not treated in this note.

initia_value [ BO .0000000 B B; 8612153H EP OOOOOO(H

Cenirance_to_quad [0.0779674 5967305 040737787
horizontal [] center_of quad [] ah = []0.0000000 ] ph = [|7.4028119D Yh = [0.7315061]
0 exit of quad U loo7796742  Lr.5067305- [ 0556343
M M N M N M N
O find_vaue [ [10.0000000 [] [77.8612153 ] [1L.4630121[]
initia_value [] 10.0000000 1 [18:8955947 D.0000000]
Cenirance_to_quad (701675131 C19.42581701, 0.16597217
vertical: [] center_of quad [] av = []0.0000000 ] Bv = [119.8361939 ] Yv = [0.2888523 ]
0 exit of quad U Uoae7s131E  Lhoaosgizd [h.4117326
M M M M N N N
O find_vaue [ [10.0000000 [] [118.8955947 ] [D.5777047]



Now compare to Design Report Figure 5.2.2. Qualitatively, the plots are the same. Quantitatively, the values of the beta functions are different.
In particular, in the Design Report the vertical beta functions oscillates between 21 and 22. In my calculation it oscillates between 18.9 and 19.4
The horizontal beta function does appear to have the same values in the Design Report and my calculation. The Design Report is not sufficiently
well document to identify the source of the difference.

Variation in beam size in the entire ring is small. Recall that root of the 3 function is proportional to beam size. Then the variation in the beam size
is given by the square root of the ratio of the beta functions at the center of the quad and at the beginning of the open section.

Bh
Buoenterolquad _ ; opsg71 | ——— = 10304964

Bvo Bhcenterofquad

The variation is a few percent.

Recall that equation of motion for particle is y(s) = AB(S) Etos(qJ(s) + 6). Collimators in bellows constrain the beam to 4.5 cm in radius. If a
collimator is placed at beginning and end of O(M) sections, beam must be no more than 4.5 cm there. Make maximum amplitude there 4.5 cm by
appropriate choice of A and plot the beam size.

~ ~

Avnorm = |—]4— M Ahnorm := %ﬁg
Bvo[J Bho

i:=0,1..35( amplitudehi = Ahnorm[ﬂ)etahi amplitudevi = ,Avnorm[ﬂ)eta\/i

Beam Sizein Vertica Beam sizein Horizontal
4.7 | | | | 4.7 | | | |

TN

43 l l l l 43 l l l l
0 005 01 015 0.2 0.25 0 005 01 015 0.2 0.25

Fraction of Circumference Fraction of Circumference

Beam Size (cm)
N
(2]

Beam Size (cm)
>
(2]

Also plot a and ( functions.



aphain vertical aphain horizontal
0.2 | | | | 01 | | | |
8 8
s 0 s 0 7
-02 | | | | -01 | | | |
0 005 01 015 0.2 025 0 005 01 015 0.2 025
Fraction of circumference Fraction of Circuference
psi in vertical psi in horizontal
2 | | | | 2 | | | |
8 1r T 8 1r N

I I I I I I I
0 0
0 005 01 015 02 025 0 005 01 015 02 025

Fraction of Circumference Fraction of Circumference

Calculate vertical and horizontal tunes from psi (just to check plots).

Vy = im>siv35c Vh = 0.9313825 (vy)” + (vp)? = 1.0027341

4 .
vy =0.3677782 vp:=—I[psh
2 Y oam . 3oC
Note that sum of squares of the tunes is a little larger than 1, since we do not have continuous quads and thus a classic weak focusing ring.

The alpha function appears to be straight line segments, but it does has a sinusoidal component in the bends.
Calculate straight line segments between the end points of the sections.

i:=0,1..9¢

i :=100,101.. 24¢ alphavstraighti :

i:=250,251..35( alphavstrai ghti :

alphavstraight i

avq —avp

[+— [Sopen + av¢
sopen 100

avz —avy j-100

E 0 [Squad + avq alphahstraighti:

squad 15
avg = Uvsd' - 250

sopen 100

(Sopen + avaz

alphahstraight i

ahy —ahg
sopen
ahz-ahy j-100

E—Sopen + ahg
100

squad
ahg - ﬂhsd' - 250

E uad + ah
150 4 L

alphahstraight i

sopen

(Sopen + ahz
100



Plot the deviation of alpha function from straight line. Vertical on left, horizontal on right.

Deviation from Straight Line Deviation from Straight Line

0.005 T T T T 0.005 T T T T
c c
S S
& | s
g 0 g \/
[a) [a)

_ | | | | _ | | | |

0.005 0.005

0 005 01 015 02 025 0 005 01 015 02 025

Fraction of Circumference Fraction of Circumference

Similarly psi function appears to be a straight line. Again calculate straight line segments between the end points of the sections.

: o Yvy-gvo_j _ Why - yho

i:=0,1..9¢ psivstraight . := —————[3—I[3open + Yv¢ psihstraight . := ———[3—I[3open + Yhg
! sopen 100 ! sopen 100

V3 — V] j - hgy —yphq j—

i :=100,101.. 24¢ psivstraight . := W3 v lDI 100Bquad + yvq  pshstraight . ;= Vi3 v lDI 100Bquad + Yhy
' squad 150 ' squad 150

: o Wvg — V3 j - 250 L Why - Yh3 j - 250

i :=250,251..35( psivstraight . := E [Sopen + Yvz  psihstraight . := E [Sopen + Yhs
! sopen 100 ! sopen 100

Plot the deviation of psi function from a straight line. Vertical on left, horizontal on right.

Deviation from Straight Line Deviation from Straight Line

c c
S S
B _ w B
g g
(a) (a)
~0.001 | | | | ~0.002 | | | |
' 770 005 01 015 0.2 025

0 005 01 015 02 025

Fraction of Circumference Fraction of Circumference



How to propagate a particle beyond one turn? We have single turn transport matrix with initial position at the middle of an open section.
Evaluate transport matrices from alpha, beta, and psi and compare to Lh and Lv.

ﬁos(pg h 1400) + alphah, S ”('OSi h 1400) betah | ;SN (psi h 1400)

l:P.9084913 —3.2852315H ] . (al - ) l:P.9084913 _3'2852315H
- + p =
[0.0531602 090849131 U _ 1400) oo : _ (o [ [D.0531602 0.9084913[]
n 10 bt Bm(pshl 400) cos(ps h 1 400) alphah 1 40051 n(ps h 1 400)|_I
0 1400 U
0s (ps' v 1400) + alphav, s n(ps‘ v 1400) betav | ;SN (ps'v 1400)
oo i e o o
T+ _ . . _ (.
B 13 betay o n(ps1 2 400) cos(psu v, 400) alphav 1 40051 n (ps1 vy, 400) B

The matrices agree.

Recall from above that we have obtained arrays s, alphah, betah, psih, alphav, betav, psiv, and we have calculated horizontal and vertical
trajectories and slopes, X, xp, z, and zp, as a function of s for cosine and sine like trajectories. These arrays are evaluated for index of 0 to 1400.

Copy graphs from above for cosine like trajectories.

é vertical and horizontal trajectories é}_ vertical and horizontal slopes

g ° ' § ! '

T T

|5 S

N =

g o l =

S ©

= 8

s s

T -5 g -1 !

> 0 0.5 1 0 0.5 1

fraction of ring circumferance fraction of ring circumferance

— verticd — vertica
— horizontal — horizontal

Initial value of trajectories
XCO = 4.5000000 zc0 = 4.5000000 xcp0 = 0.0000000 ch0 = 0.0000000

Final value of trajectories

XCla00 = 4.0882108 2C 00 = -3.0343702 XCPy 00 = =0.2392209 ZCP1 400 = —-0.1758632



X zc
.088210 0 3.034370
We do get single turn transport. Compare arrays X, Xp, z, zp to single turn transport. Lh g: H4 SH Lv g: H_ %:l
CPy 0 [0.2392209] CPg 0 [1-0.1758637 ]
Evaluate and plot horizontal and vertical CLS invariant amplitudes. We should obtain a constant, and in our case Ahnorm and Avnhorm.
2 2
1+ (al phahi) 1+ (al phavi)

i:=0,1..140( CLShI = [QXCi)Z + Zﬁxlphahi&cl&cpl + betahiEQXCpI)2 CLSvi = [QZCI)Z + Zﬁlphaviﬁclﬁcpi + betaviEQZCpi)2

betah.

i betav i

vertica and horizontal CLS invariants
4 T

I
0 0.5 1

fraction of ring circumferance
— vertica
— horizonta

vertical and horizontal CLS invariar
N
I
]

Ahnorm = 2.5759376 Avnorm = 1.0716784
We can propagate particle around the ring and evaluate position and slope at a given position just from the single turn transport matrix.

thurno H_ cho [ Hzturno H_ Hzco [ thurrll+l H: . xturn, (] thurnHl H: . zturn, [

i:=0,1..10( = = : :
’ M M M M
Ekpturn0 0 B(Cpo C Eizpturno 0 B‘cho C Ekpturni +100 pturn, - Eizpturni +100 pturn, -

Particle position at center of open section for 100 turns

X VErsus xp Z versus zp Z versus x
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